The off-mass shell scattering amplitude, satisfying the Bethe-Salpeter equation for spinless particles in Minkowski space with the ladder kernel, is computed for the first time.
Introduction
Obtaining the solutions of Bethe-Salpeter (BS) equation in its original Minkowski space formulation [1] has raised an increasing interest in the recent years [2, 3, 4, 5, 6] . On one hand, the Wick rotation itself is not directly applicable for computing electromagnetic form factors [7, 8] due to the existence of singularities in the complex momentum plane whose contributions are in general unknown. The Euclidean solutions are still used in the context of BS-SchwingerDyson equations and it is claimed they provide reliable results for bound state form factors at the price of a numerical tour de force [9, 10, 11, 12, 13, 14, 15] . On the other hand, the off-shell BS scattering amplitude -mandatory for important physical applications -like computing the transition e.m. form factor γ * d → np, or solving the three-body BS-Faddeev equationsrequires a full Minkowski solution which has not yet been obtained.
A method based on the Nakanishi representation [16] of the BS amplitude was developed in [3, 4] allowing to compute for the first time the bound state Minkowski amplitude and latter on [7, 8] the corresponding form factors. Although this approach could be naturally extended to the scattering states, we have found that the problem could be solved in a simplest and more straightforward way. The aim of this paper is to presents a direct solution of the original BS equation in Minkowski space providing the scattering length, elastic and inelastic phase shifts and the first results for the half-off-shell BS amplitude. 
Method for solving the equation
The inhomogeneous BS equation is graphically represented in figure 1. In Minkowski space it reads:
We denote by p the relative (off-shell) four-momentum variable of the equation, p s the scattering momentum and P the total momentum of the state with P 2 = M 2 , the squared total mass of the system. We will consider hereafter spinless particles (m=1) interacting by the one-boson exchange kernel K:
where α is the dimensionless coupling constant of the Yukawa potential V (r) = −α exp(−µr)/r. The difficulty in computing the off-shell amplitude F (p, p s ; P ) in the entire domain of its arguments is due the singular character of the amplitude itself as well as in the integrand of the BS equation in Minkowski space (1) . These singularities are integrable in the mathematical sense, due to iǫ in the denominators of propagators, but their integration is a quite delicate task and requires the use of appropriate analytical as well as numerical methods.
To avoid these problems, equation (1) was first solved on-shell [17] by rotating the integration contour p 0 → ip 4 and taking into account the contributions of the crossed singularities, which are absent in the bound state case. Few other methods were also developed in the same line [18] . Until now, the off-shell amplitude has been computed only for a separable kernel [19] . A method similar to the one developed in [3, 4] has been proposed in [6] for solving the scattering states although the numerical solutions are not yet available.
The amplitude F (p, p s ; P ) depends on the three four-momenta p, p s , P . For a given incident momentum p s and written in the center of mass frame P = 0, P 0 = M = 2ε ps = 2 m 2 + p 2 s , F depends on three scalar variables | p|, | p s | and z = cos( p, p s ). It will be hereafter denoted by
In this letter we will restrict to sketch our solution method and to present the first results for the S-wave on-mass and half-off-mass shell amplitude F 0 (p 0 , p) obtained by the following partial wave decomposition of eq. (1):
The amplitude we consider here is a particular case of the so called full off-shell amplitude F 0 (p 0 , p, p 0s , p s ; M). The latter, in addition to the variables p 0 , p depends also on the off-shell independent variables p 0s , p s , now with p 0s = ε ps . The total mass M = √ s is neither equal to 2ε ps nor related to p 0s . By "off-shell amplitude" we will hereafter mean half-off-shell amplitude. The method we have developed is also applicable to the full off-shell amplitude, though its dependence on two extra variables p 0s , p s requires much more extensive numerical calculations. The on-shell amplitude
determines the phase shift according to:
Several steps must be accomplished before obtaining a soluble equation for F 0 which takes into account the four sources of singularities of the BS equation:
The propagators in the r.h.-side of (1) have two poles, each of them represented as sum of principal value and δ-function. Their product gives rise to terms having respectively 0, 1 and 2 δ's. After partial wave decomposition, the 4D equation (1) is reduced into a 2D one. Integrating analytically over p ′ 0 the δ contributions and eliminating the principal values singularities by subtractions, one is left with an S-wave equation in the form:
where a ∓ = ε p ′ ∓ ε ps and W S 0 is the S-wave kernel -suitably symmetrized on p ′ 0 variable to restrict its integration domain to [0, ∞] -is given by
with:
and
The inhomogeneous (Born) term F B 0 reads:
The details of the derivation of eq. (5) as well as its generalization to the full off-shell amplitude are quite lengthy and will be given in a forthcoming publication. The origin of the different terms appearing in (5) are however quite clear. The non-integral term in the first line, follows from the integrated (2D) product of the two δ-function mentioned above. The one-dimensional integrals -second and third lines -results from one δ-function terms, after integration over p ′ 0 . The last two lines come from the principal values (PV) alone. The differences appearing in the squared brackets correspond to removing the pole singularities at 2ǫ p ′ = M (second line) and p ′ 0 = a ± (third and forth lines) according to the well known subtraction technique eliminating singularity:
In l.h.-side the integrand at x ′ = a is singular that complicates the numerical calculation of integral, whereas r.h.-side does not contain this singularity.
(ii) The propagator of the exchanged particle (2) has two poles which, after partial wave decomposition, turn into logarithmic singularities in kernel (6) . Their positions are found analytically and the numerical integration over p ′ 0 is split into intervals between two consecutive singularities. Inside each of these intervals an appropriate change of variable is made to make regular the integrand of eq. (5). We proceed in a similar way for the p ′ integration. (iii) The inhomogeneous (Born) term F B 0 has also logarithmic singularities in both variables p 0 , p which are analytically known.
(iv) The amplitude F 0 itself has many singularities, among which those originated by the Born term F B 0 are the strongest ones. This makes difficult representing F 0 on a basis of regular functions. To circumvent this problem we made the replacement F 0 = F B 0 f 0 , where f 0 is a smoother function. After that, the singularities of the inhomogeneous Born term are casted into the kernel and integrated using the same procedure than in (ii).
We obtain in this way a non-singular equation for f 0 which we solve by standard methods. The off-mass shell BS amplitude F 0 in Minkowski space is thus safely computed.
Numerical results
Our first check was to solve the bound state problem by dropping the inhomogeneous term in (1) and setting M = 2m−B. The binding energy B thus obtained, coincides within four-digit accuracy, with the one calculated, by other method, in our previous work [3] . The S-wave off-shell scattering amplitude F 0 was then calculated and the phase shifts extracted according to (4) . An independent equation, similar to one obtained in [17] , have also been derived, which provides the phase shifts and the Minkowski off-shell amplitude for the particular value p 0 = ε ps − ε p restricted to the interval 0 ≤ p ≤ p s . The values found by these two independent methods are consistent to each other.
The BS relativistic formalism accounts naturally for the meson creation in the scattering process, when the available kinetic energy allows it. The inelasticity threshold corresponding to the n-particle creation is given by
Below the first inelastic threshold, p
s = mµ + µ 2 /4, the phase shifts are real. This unitarity condition is not automatically fulfilled in our approach, but appears as a consequence of handling the correct solution and provides a stringent test of the numerical method. Above p (1) s , the phase shift obtains an imaginary part which behaves like The singularities correspond to appearance of the first bound state at α 0 = 1.02 for BS and α 0 = 0.840 for NR. As one can see, the differences between a relativistic and a non-relativistic treatments of the same problem are not of kinematical origin since even for processes involving zero energy they can be substantially large, especially in presence of bound state. It is worth noticing that only in the limit α → 0 the two curves are tangent to each other and in this region the results are given by the Born approximation
which is the same for the NR and the BS equation. Beyond this region both dynamics are not compatible. Some selected numerical values of the scattering length are listed in Table 1 for different values of the exchanged mass µ. As one can see by direct inspection, the scaling properties of the non relativistic equation [20] , in particular the relation between the scattering length corresponding to different values of µ and coupling constants
are no longer valid except in the Born approximation region. fig. 2 . For this value of α there exists a bound state and, according to the Levinson theorem, the phase shift starts at 180
• . One can see that the difference between relativistic and non-relativistic results is considerable even for relatively small incident momentum. The right panel shows the imaginary part of the phase shift. It appears starting from the first inelastic meson-production threshold p • , corresponds to a single point on theses two surfaces. Our calculation, shown in Fig. 4 , provides the full amplitude F 0 (p 0 , p) in a two-dimensional domain.
Computing this quantity, and related on-shell observables, is the main result of this work. Together with the bound state solution in Minkowski space [3] , they pave the way for a consistent relativistic description of composite systems in the framework of BS equation.
Conclusion
We have presented the first results of the BS off-shell scattering amplitude in Minkowski space. The different kinds of singularities of the original BS equation are properly treated. A regular equation is obtained and solved by standard methods. The results presented here were limited to S-wave in the spinles case and the ladder kernel but they can be extended to any partial wave. Coming on mass shell, the elastic phase shifts where accurately computed. They considerably differ, even at zero energy, from the non-relativistic ones. Above the meson creation threshold, an imaginary part of the phase shift appears and has also been calculated. The off-shell BS scattering amplitude thus obtained can be further used to calculate the transition form factor. In its full off-shell form, it can be used as input in the three-body BS-Faddeev equations.
